The prediction of the arterial zero-stress state is as of yet an unresolved problem in the field of modelling the mechanical response of patientspecific arteries. This is because the configuration associated with arterial zero-stress state is impossible to obtain experimentally. However, the zero-stress configuration (or, equivalently, the • Proposed methodology for predicting the arterial mechanical response.
INTRODUCTION
The progress of medical imaging has enabled the increasingly accurate acquisition of patient-specific arterial geometries. This, in turn, allows for the study of arterial response under various conditions, giving additional insight into human physiology that cannot be experimentally obtained. Medical imaging is most often performed in vivo, thus providing the arterial geometry that corresponds to the arterial loaded (i.e., physiological) state. To numerically model the arterial mechanical response, however, either the arterial zero-stress configuration or the arterial residual stress state is needed. This study addresses the problem of modelling the arterial response in cases when the arterial zero-stress configuration is not given whereas the arterial loaded configuration is known. The artery is treated as a hyperelastic, residually pre-stressed and pressurised tube.
The arterial unloaded state represents a part of the artery removed from the surrounding tissue, freed of intraluminal pressure, and removed from the body. In this state, the artery is free of external loads but is still subject to some amount of stresses, referred to as the residual stresses. These stresses are relieved by cutting the artery longitudinally. The artery then springs open and assumes a sector-like shape in which the size of this opening quantifies the magnitude of the relieved residual stresses. Because of their transmural distribution, with compressive stresses on the arterial inside and tensile stresses on the outside [1] , the residual stresses are normally associated with pure bending stresses [2] . Although some residual stresses exist in the arterial longitudinal direction [3] and [4] , we will assume that only one longitudinal cut is sufficient to release almost all residual stresses [5] and [6] . In this work, the artery is treated as single-layered structure. Even though this is a rough approximation of the complex structure of an artery, it is able to provide a reasonable assessment of the arterial physiological response [7] .
Residual stress produces a favourable (physiological) environment for cell functions [8] , which is created by lowering the gradient of the transmural stresses [9] and [10] . According to the so-called uniform strain hypothesis [11] , the distribution and magnitude of the residual stresses cause the physiological intraluminal distribution of the circumferential strain λ ϕ (r) to be uniform (λ ϕ (r) = const), which implies a low gradient of transmural stresses. Furthermore, it has been experimentally observed that the distribution of the residual stresses in the vessel wall is three dimensional, meaning that they depend on both the radial position and on the axial position [5] , [12] and [13] .
A crucial datum needed for any numerical prediction of the arterial response, as already mentioned, is the zero-stress configuration of the artery. To the knowledge of the authors, the only methodology that allows the inclusion of residual stresses in a patient-specific arterial geometry is presented in the study performed by Alastrué et al. [2] . There, the residual stresses are accounted for by applying a simplified initial strain field that is obtained from a computation of the residual stress field in a circular arterial segment. The drawback of this approach is that the zero-stress configuration of the circular segment, which must be adopted from the literature, does not correspond with a patientspecific artery. Furthermore, due to the complexity of the problem, various simplifications have been made in the literature in order to obtain the patientspecific arterial zero-stress configuration. The most general approach is to take the loaded configuration of the artery for the arterial initial stress-free state. This approach leads to unphysically large arterial deformations [14] where, subsequently, the predicted arterial configuration obtained by pressurising the artery with intraluminal pressure strongly differs from the one observed in vivo. Another approach is to neglect the arterial residual stresses and assume the arterial unloaded configuration for the arterial initial zero-stress configuration. For example, in the study conducted by Gee et al. [14] , two such methods are presented that enable a prediction of the pre-stress state of a patient-specific geometries under in vivo loads. The first is the inverse design (ID) analysis. In this approach, which is also used in [15] and [16] , the zero-stress configuration is computed and then used to compute a (non-unique) strain and stress state that satisfied equilibrium with respect to the known spatial configuration. The second method is based on a modified updated Lagrangian formulation (MULF), in which a multiplicative split of the deformation gradient is used to produce a displacement-free prestrained/pre-stressed state. Despite the widespread use of the first method in particular, the drawback of such an approach is that it neglects the residual stresses. On the other hand, progress has been made in obtaining the arterial unloaded state starting from the opened-up configuration (see for instance [12] , [17] and [18] ). In this case, however, the arterial opened-up configuration needed to be provided (i.e., given).
In this paper, a new methodology is presented that predicts the mechanical response of a hyperelastic, residually pre-stressed and pressurised tube (representing an artery). The loaded configuration of the artery is assumed known whereas the arterial opened-up zero-stress configuration is unknown. The methodology for predicting the arterial residual (i.e., bending and stretching) stresses is based on an equivalent approach where a corresponding thermomechanical problem of an associated closed tube is defined. In Section 1, a case study is presented and the assumptions of the considered mechanical problem are specified. Section 2 gives a theoretical background on (i) the characterisation of the circular arterial segment, (ii) the thermomechanical analogy for obtaining the arterial residual stresses, and (iii) the use of the thermomechanical analogy to predict the mechanical response of a realistic arterial segment. The methodology presented for the arterial segment is then generalised to treat a real artery in Section 3. The analysis results obtained by applying the developed methodology to the case study are given in Section 4 together with a corresponding validation of the methodology. Finally, in Section 5, the conclusions are given along with some guidelines for future research.
PROBLEM DEFINITION
The methodology for predicting the arterial residual stress state is demonstrated using a case study analysis considering an analytically defined, hyperelastic tube. The tube, here referred to as the arterial model (AM), is defined so as to resemble the in vivo observed artery. The inner, i.e., the luminal surface of the AM ( Γ i AM , Fig. 1a ) is defined as a straight tube of an elliptical cross section having respective principal directions coincident with the x and y axis along the entire AM. The assumed variation of the elliptical semi-minor and semi-major axis (a(z) and b(z)), specifying the surface Γ i AM , is shown in Fig. 1b .
Based on this variation, the AM luminal crosssectional area A(z) variation is computed as show in Fig. 1b . Furthermore, the thickness t of the AM is assumed to be constant along the whole section, its value being t = 0.5 mm. The length of the model is 160 mm. Let us assume that the AM geometry is obtained from medical imaging and that the configuration presented in Fig. 1a corresponds to the AM diastolic state with an intraluminal pressure of P = 70 mmHg. For the material behaviour of the AM, an isotropic hyperelastic material model is assumed, described by a strain energy density function W [17] :
where I 1 is the first invariant of the strain tensor and c a and c b are the constitutive parameters. In [17] , their values were experimentally determined to be c a = 44.2 kPa and c b =16.7.
Remark: The artery is treated as a singlelayered tube with isotropic properties. This is an oversimplification because it is well known that arteries are composed of three distinct layers (intima, media and adventitia), which have, in general, anisotropic properties [19] . Nevertheless, as discussed in the introduction, the considered AM is still able to provide a reasonable approximation of the arterial response. In this regard, when taking into consideration that the primary goal of this paper is to give a presentation of the new developed methodology, the adopted model approximation may be considered acceptable and justified for the given purpose. Additionally, the effect of the tissue surrounding the artery, which acts as a pressure load on the arterial outer surface, is neglected in this study.
Arterial Configurations
The arterial configurations are denoted by the symbol Ω. The subscript supplementing Ω specifies the corresponding arterial loading state whereas the superscript of Ω indicates the corresponding model. The superscript "AM" will refer to the arterial model and "C" to the configurations of the circular arterial segments. The following arterial configurations are considered ( Fig. 2) :
Loaded state (Ω 2 ): In its loaded state the artery is subject to intraluminal pressure P and longitudinal (axial) as well as circumferential pre-stretch.
Stretched state (Ω 1λ ): The arterial stretched state is obtained by removing the pressure P from Ω 2 . (Note that the term arterial stretched state is not common in the literature; it is defined here because it offers a good targeting state for the methodology presented in the following sections.)
Unloaded state (Ω 1 ): The unloaded state is obtained by releasing the axial pre-stretch from Ω 1λ . The associated axial contraction is described by the axial stretch λ. Since the in vivo data is insufficient to determine λ [20] , we have adopted here the data of Delfino et al. [17] , where λ is set to 10% (λ = 1.1).
Zero-stress state (Ω 0 ): Once the artery in its unloaded state is cut open, it is assumed that the stresses in the artery are close to zero. The obtained state is taken as the arterial zero-stress state. The axial contraction Λ, that is associated with the longitudinal cut is normally neglected, therefore Λ = 1 [17] . 
MECHANICAL RESPONSE OF A CIRCULAR ARTERIAL SEGMENT
The subsequent subsections begin with some theoretical background on the characterisation of the circular arterial segment, and are followed by a presentation on an analogical approach aimed to obtain the stretched state of a circular arterial segment. The latter is achieved by defining a corresponding thermomechanical problem of a closed circular tube. Finally, the application of this analogy to predict the stretched state of a realistic arterial segment is schematically presented.
Stress Analysis of a Circular Arterial Segment
The mechanical response of an arterial segment (i.e., a slice of the artery) can be characterised by simplifying the segment geometry to a straight circular tube [20] to [23] . 
where λ r , λ φ , λ z are, respectively, the principal stretches in the radial, circumferential, and axial directions. The right Cauchy-Green tensor is defined as C F F = T , where F T is the transpose of F. The reference radius R r ( ) of the material particle in the zero-stress state configuration Ω 0 C is determined by imposing the incompressibility condition J r z = = = det F λ λ λ φ 1 and considering the functional expressions for the principal stretches given in Eq. (2):
In addition, the radial stretch is written as:
which also comes from the incompressibility condition.
Considering the strain energy density function W the Cauchy stress tensor σ is obtained as:
where p is the Langrange multiplier, which enforces the incompressibility constraint det F = 1, and I is the identity tensor. Using Eqs. 
Because the considered problem is a radial one, all the quantities in the above equation depend only on the radial direction. In the absence of the body forces the equilibrium equations reduce to: Fig. 2 
The natural boundary conditions, Eq. (8), are applied both to the inner and outer surface of the segment. The inner surface is subject to the intraluminal pressure P, whereas the outer surface is considered traction-free:
In addition, fulfilment of the equilibrium of the in vivo configuration yields the following expression for the Lagrange multiplier p [24] :
and an integral constraint on the stress distribution:
By knowing the zero-stress configuration Ω 0 C and the material properties of the segment, the stress state of the segment for a given loaded configuration Ω 2 C is obtained from Eq. (Fig. 2) is obtained from the above equations, if we consider the traction-free boundary condition on both the inner and outer surface of the segment (which means setting P to zero) and the substitution of the integral limits r i , r, r o , in Eqs. (9) and (10) 
Identification of the Zero-Stress State Configuration
The zero-stress state configuration of the circular arterial segment Ω 0 C is defined by the radius R o and the opening angle Θ 0 (Fig. 2) . Given that the geometry of the loaded state of the segment Ω 2 C is known, the parameters R o and Θ 0 can be obtained by solving an inverse identification problem. Actually, the problem is considered to be an optimisation problem where the vector of optimisation variables u = {R o , Θ 0 } is supposed to minimise the corresponding objective function χ = χ (u), which is defined so as to quantify the established difference between the desired and the computed response of the arterial segment in its loaded state. The desired response denotes the experimentally measured values of the selected quantities whereas the computed response refers to the same quantities predicted with the numerical model taking into account the optimisation vector u. In order to minimise (i) the error between the desired and computed stress state of the loaded configuration Ω 2 C , and (ii) the transmural gradient of the circumferential strain (which takes into account the uniform strain hypothesis), the objective function χ = χ (u) is adequately structured, with functions χ P (u) and χ λ (u) taking into account the respective effects: 
. (11) Above, P and P c are respectively the desired and the computed intraluminal pressures; λ φ i and λ φ o the circumferential stretches, computed at the inner and outer surface of the segment's wall; and g λ is the weighting factor.
Determination of the Arterial Residual Stresses Using the Thermomechanical Analogy
In this subsection, an alternative method for obtaining the stretched state of the circular arterial segment Ω 1λ C ( Fig. 3 ) using an analogy, based on the theory of thermoelasticity, is presented. Namely, from the theory of thermoelasticity it is known that the same deflection of, for instance, a cantilever beam can be obtained either by exposing the beam to an external bending moment at its free end or, alternatively, by adequately thermally loading the beam along its length. If we project this analogy to the modelling of the arterial response, this implies that the stretched state of the circular arterial segment Ω 1λ C , which is obtained by bending the open circular section Ω 0 C and subsequent axial stretching, can equally be obtained by thermally loading an associated closed tube Ψ 0 C .
In Fig. 3 , this is schematically outlined in the left and right box, respectively. The real significance of introducing the proposed thermomechanical analogy as a means to determine the residual stresses will be put forward in the subsequent sections, where the method will be adequately generalised and applied to a real artery's geometry. The model considered in the described thermomechanical analogue needs to be properly defined, which is in fact the key step in the procedure of determining residual stresses. This model will be referred to in the sequel as the fictitious model because the material properties of the fictitious model, as will be shown, have nothing to do with the physical properties of the artery, and also because the thermal loading is fictitious with respect to the original mechanical model. Also, the boundary conditions have to be adequately changed in order to obtain the expected similarity of the mechanical response. The fictitious model will actually serve only as a mathematical tool to predict the arterial stretched state. The respective configurations of the fictitious model will be denoted with the symbol Ψ. The subscript supplementing Ψ will specify the corresponding loading state of the fictitious model whereas the superscript of Ψ will indicate the considered geometrical model. The superscript 'AM' will refer to the fictitious arterial model and 'C' to the configurations of the fictitious circular segment. Now, let us give a definition of the fictitious circular segment and the mathematical framework needed to compute its thermomechanical response. The fictitious circular segment, the role of which in the procedure of predicting the stretched state of a realistic arterial segment is schematically presented in the following subsection (see Fig. 5 ), is defined in the following way:
Geometry of the fictitious circular model in its zero-stress configuration Ψ 0 C (Fig. 4) : The geometry of the fictitious model, which is assumed to be free of stresses, we defined based on the geometry of the corresponding arterial model in its loaded state (configuration Ω 2 C , see Material properties of the fictitious model: For the fictitious model a linearly elastic material is assumed. The material's behaviour needs, however, to be transversely isotropic with respect to the z axis (Fig. 4 ). (Remark: A transversely isotropic material is characterised by a plane of isotropy at every point in the material.) Thus, in the fictitious model, the circumferential and axial stresses can be tuned independently by changing the material properties. This fact, as will be shown in the following sections, enables us to tune the material properties of the fictitious model in such a way that the stress distribution in the loaded state of the fictitious model
C matches the stress distribution in the stretched state of the arterial segment Ω 1λ C . If the material behaviour of the fictitious model were isotropic this could not be achieved.
In cylindrical coordinates (Fig. 4) an elastic transversely isotropic material is defined by: "in plane" (P) and transverse (T) elastic moduli: E r = E ϕ = E P and E z = E T ; Poisson ratios: ν zr = ν zϕ = ν TP , ν rz = ν ϕz = ν PT ; shear moduli: G rϕ = G P , G rz = G ϕz = G T ; and coefficients of the thermal expansion: α r = α ϕ = α P , α z = α T [25] . Moreover, the following relations hold: ν ν
Applying Thermomechanical Analogy to Predict the Arterial Residual Stress State
Mechanical and thermal boundary conditions: Because the length of the fictitious model in the stressfree configuration Ψ 0 C already equals the length of Ω 1λ C , the model is prevented from deforming in the longitudinal direction when loaded. Consequently, the front and rear surfaces of the fictitious model are fixed in the axial direction (i.e., in the z direction). In addition, the adiabatic boundary conditions are applied to these surfaces. Thermal loading of the fictitious model: The fictitious model with the uniform initial temperature distribution T r ( ) = 0 is exposed to a temperature change ΔT i and ΔT o , applied, respectively, to its inner and outer surface (Fig. 4) . Considering the given mechanical and thermal boundary conditions the stress distribution, corresponding to the established steady-state temperature field, is obtained. Mathematical relations for computing the steadystate thermomechanical response of the fictitious circular segment are outlined next:
Steady-state thermal field: Taking into account the fact that the considered problem is a radial one, the steady-state heat equation, written in the cylindrical coordinates and with the omission of the internal heat generation term, is given as:
where r is the radius. Taking the applied temperature changes on the segment's surfaces, T T 
where (Fig. 4) .
Steady-state thermomechanical response:
The stress state associated with the initial temperature distribution T r T amb ( ) = =0 being zero, the thermal stresses caused by the temperature change T r ( ), Eq. (13), are governed by the generalised Hooke's law considering transversely isotropic material behaviour:
where ε ij and σ ij are the strain and the stress tensor.
Next, the components of the strain tensor are expressed in terms of the radial and axial displacements u(r) and w(r) [26] : 
Using Eqs. (14) and (15) , the following relationships between the stress tensor components and radial displacement u(r) are obtained:
where the constants A P , A PT , A TP , A T , D, β P and β T are defined as:
Next, by considering: (i) the expression for σ rr in (16) and (ii) the substitution of σ ϕϕ , as specified in Eq. (16) , in the equilibrium equation (Eq. (7)), the problem reduces to two first-order differential equations for the variables u(r) and σ rr (r) [26] , written as: 
The natural boundary conditions for a traction-free hollow cylinder are:
The constant e is zero (e = 0) because the segment is axially fixed. Once the system in Eq. (18) is solved taking into account the given boundary conditions, the remaining non-zero components of the stress tensor σ φφ r ( ) and σ zz r ( ) can be obtained from the relations (Eq. (16)). The differential equations (Eq. (18)) were solved numerically using the finite difference method.
Identification of the Unknown Model Parameters
Up to now only a portion of the properties regarding the fictitious circular segment are defined. Actually, only the length and the inner radius ℜ i of the segment's geometry in the zero-stress configuration Ψ 0 C have been specified while the thickness δ f is unknown. Here, let us remember that the principal function of introducing the fictitious modelling is to match, by adequately choosing the respective model parameters, the stress distribution of the loaded state of the fictitious segment Ψ 1λ C with the stress distribution of the stretched state of the arterial segment Ω 1λ C . From the given theoretical framework, it follows that the mechanical response of the fictitious circular segment depends on: (i) the material properties, and (ii) the applied thermal loads, which may be considered to be unknowns to be determined in accordance with the expected objective. The desired (targeting) state of the fictitious segment Ψ 1λ C is the stretched state of the associated circular arterial segment Ω 1λ C , i.e., its geometry and stress state. The parameters of the fictitious segment that need to be identified are: E P , α P , E T , α T , δ f , ΔT i , and ΔT o . The remaining material properties that also define the fictitious segment, namely the thermal conductivity k, specific heat c, density ρ, and Poisson's ratios ν P and ν PT , either do not affect the steady-state thermomechanical response of the segment (k, c, ρ) or are "interconnected" with some other material variables (ν P , ν PT ). Their values were therefore arbitrarily pre-set prior to the identification procedure to: ν P = 0.45, ν PT = 0.1, k = 100 W/(mK), c = 100 J/(kgK) and ρ = 2200 kg/m 3 . The objective function of the identification problem χ χ = ( ) v is formulated to account for: (i) the relative error between the computed geometry (the fictitious segment) and desired geometry (the arterial segment), and (ii) the relative error between the computed and desired stress states; where v is the vector of optimisation variables , are, respectively, the inner and outer radius of the fictitious (computed) and arterial (desired) segment, while g ρ is the weighting factor.
Application of the Thermomechanical Analogy to a Realistic Arterial Segment
Let us assume that the irregularly shaped, straight tube that is presented in the upper left box in Fig.  5 represents an arterial segment (AS) obtained by the medical imaging process. This subsection schematically presents how the thermomechanical analogy can be used to predict the stretched state of the observed AS Ω 1λ
AS . The initial properties of the AS that have to be known for the procedure are: the AS material properties and the in vivo stretches λ and Λ (see Section 1). First, the equivalent circular tube (segment) is defined based on the luminal cross-section area of the AS. The circular segment is then characterised as presented in Section 2.1 to determine its zerostress configuration Ω 0 C . Now that this configuration is known, the stretched state of the circular arterial segment Ω 1λ C can be computed.
Next, the thermomechanical analogy to predict the residual stresses is defined on the basis of the obtained Ω 1λ C state. This is done by identifying the fictitious circular segment Ψ 0 C corresponding to the characterised circular arterial segment. The initial geometry of Ψ 0 C is defined based on the surface Γ i C (see Fig. 5 ) whereas the thickness and material
properties of Ψ 0 C should be identified so that the loaded state of the fictitious circular segment Ψ 1λ C resembles the stretched state of the circular arterial segment Ω 1λ C .
So far in this subsection, the stretched state of the AS has been quantified on the basis of a simplified AS geometry assumed to have the form of a circular tube. Based on this simplification, the parameters that characterise the fictitious circular segment Ψ 0 C have been obtained. Next, the fictitious AS model Ψ 0 AS needs to be defined. This is done by applying the identified parameters of the fictitious circular segment (represented as FIC in Fig. 5 
APPLICATION OF THE THERMOMECHANICAL ANALOGY TO THE ARTERIAL MODEL
The methodology for determining the residual stresses in the arterial segment, which were discussed thoroughly in the previous section, is generalised in this section to enable a prediction of the arterial response based on the in vivo arterial data. The individual steps of the methodology are demonstrated considering the AM, defined in Section 1 (Fig. 1) .
To give an overview of the methodology, let us consider the flowchart presented in Fig. 6 : (i) the starting data, needed for a prediction of the AM stretched state Ω 1λ AM , are the AM loaded geometry, the corresponding intraluminal pressure, the in vivo stretch λ, and the material properties of the AM. (ii) The stretched state of the AM is quantified based on characterising the mechanical response of two idealised (circular) arterial segments, corresponding to the arterial smallest (m) and largest (M) luminal crosssectional area (see Fig. 1 
Quantification of the AM Stretched State
The quantification of the AM stretched state is performed based on the observation of two idealised (circular) arterial segments that refer to the arterial smallest (m) and largest (M) luminal cross-sectional area, see Fig. 1b . The respective segments' geometry is obtained from the AM cross-sectional area A(z) on the area equivalence basis: With the zero-stress state of both segments determined, their stretched states, designated as Ω 1λ (m) and Ω 1λ (M) for the segment (m) and (M), respectively, can be computed. 
Fictitious Arterial Model
As discussed in Section 2.2, the AM stretched state Ω 1λ AM can be predicted by defining an associated fictitious arterial model, designated as FAM and solving the corresponding thermomechanical problem. The advantage of this approach is that the arterial response is predicted without the arterial zerostress state being known. How to define the FAM is discussed in detail in the following subsections.
Thermomechanical Characterisation of the Fictitious Circular Segments
The thermomechanical analysis of the FAM is basically defined by the characterisation of the fictitious circular segments corresponding to the circular arterial segments (m) and (M), as presented in step 2 in Fig. 5 . Note that in this way, essentially, the properties of the FAM for its location A (m) and A (M) , see Fig. 1 , are defined.
The variables that need to be identified in order to characterise both fictitious segments (see Section , for segment (m) and (M), respectively. During the identification of the unknowns, the material properties of both segments were initially assumed to be equal because they represent the material properties of the FAM. However, what was found is that in order for the stresses of both fictitious segments to correspond to the stresses of the associated arterial segments, the coefficient of thermal expansion α T has to be identified separately for each segment.
Because of a relatively large number of unknowns, the identification procedure was performed in the following way. First, the identification of the parameters defining the fictitious segment (m) (see Section 2.2.1.) is performed. The unknowns to be determined: thickness δ f (m) , material constants E P , The result of the identification is given in Table 2 . 
Thermomechanical Characterisation of the Fictitious Arterial Model
As mentioned, the parameters of the FAM are defined based on the parameters identified for the fictitious circular segments (m) and (M). The parameters that are common to both fictitious segments are also assumed constant in the FAM. These are: E P , α P , E T , G P , G T , ν P , ν PT , k, c and ρ (see Section 2.2). However, some parameters of the fictitious segments, namely their thickness δ f , thermal loadings ΔT i and ΔT o , and the coefficient of thermal expansion α T , are not the same in both fictitious segments. We will refer to these variables as the varying variables because they depend on the cross-sectional area of the fictitious circular segments. Note that the cross-sectional area of the FAM also varies -from A (m) to A (M) . Therefore, . Note that
essentially a function of the coordinate z, thus α T AM (z) because A = A(z) (see Fig. 1 ). The same interpolation approach is used to define the remaining varying variables:
Their variations as a function of the coordinate z are plotted in Fig. 7 .
Remark: For the purpose of defining the properties of the FAM, it would be possible to characterise more than two circular arterial segments. For these segments, the corresponding fictitious segments could be obtained and characterised, thus allowing for a higher-order interpolation used in the FAM characterisation. However, as shown in Section 4.1.1, the linear interpolation, which is used to define the FAM properties, is sufficient. Fig. 7 . Variations of the FAM properties: (21)), along the coordinate z
Construction of the Fictitious Arterial Model (FAM) Considering in vivo Measured Data
Based on the characterisation of the FAM parameters that were determined in previous subsections under the assumption of idealised circular arterial segments, it is now possible to construct a computational model of the FAM taking in vivo measured data into account. Accordingly, the geometry of the FAM is constructed based on the inner surface of the AM Γ i AM (Fig. 1), as shown in Fig. 8 , considering its variation Γ i AM along the z direction. As discussed, we define the inner surface of the FAM to be the same as the inner (luminal) surface of the associated AM, whereas the outer surface of the FAM is obtained by applying the thickness δ f z AM ( ) (Fig. 7) to the surface Γ i AM .
Fig. 8. Constructing the fictitious arterial model
Note that the thickness of the FAM is assumed to be constant in the circumferential direction of the model while changing in the z direction. As assumed, the material behaviour of the FAM is transversely isotropic with respect to the z axis. Some of the material properties are constant (see Table 2 ) Fig. 7 . The remaining material parameters that are not presented in Table 2 are given in Section 2.2.1.
Loaded State of the Fictitious Arterial Model
In order to evaluate the residual stresses of the AM, the above-defined FAM is thermally loaded by the temperature changes ∆T z
applied respectively on the inner and outer surfaces of the model (Fig. 8) . Note that both ∆T z i AM ( ) and (Fig. 7 ) are assumed to be constant in the circumferential direction of the model, while changing in the z direction. The stress distribution in the loaded state of the FAM Ψ 1λ AM , obtained by solving the given thermomechanical problem with associated mechanical and thermal boundary conditions (see Section 2.2), yields an approximation of the residual stresses distribution in the AM and its configuration.
Modelling the Mechanical Response of the Arterial Model with Residual Stresses Considered
The geometry and the stresses of the loaded state Ψ 1λ AM of the FAM represent an approximation to the geometry and stresses of the arterial model in its stretched state Ω 1λ AM . The computational model of the AM stretched state Ω 1λ AM is thus specified by adopting the geometry of the Ψ 1λ AM configuration and the given arterial material behaviour. For the initial stress state of the thus-defined model, representing, actually, the residual stresses in the artery, the stresses from Ψ 1λ AM are adopted whereas the stretches corresponding to the Ω 1λ AM configuration with the initial stresses considered are obtained by taking into account the arterial material model, Eq. (1). From the arterial stretched state all the remaining arterial states can be predicted (see the lower grey box in Fig. 6 ). The loaded state Ω 2 AM of the AM is obtained by inflating the AM from its stretched state. The AM unloaded state Ω 1λ AM is predicted by releasing the axial stretch λ from the AM stretched state, whereas the approximation of the AM zero-stress state Ω 0 AM is obtained by further releasing the constraints on one of the AM symmetry surfaces (Fig. 2) .
Remark:
The reason why the arterial stretched state Ω 1λ AM is predicted with the fictitious model, and not, for instance, by considering the arterial unloaded state Ω 1 AM , is the following: normally, the goal of the arterial characterisation is to predict the arterial loaded state. Therefore it is more convenient to predict the arterial loaded state from the arterial stretched state given that in between both states there is only the inflation process (see Fig. 2 ). For example, by predicting the arterial loaded state from the arterial unloaded state, the artery first needs to be stretched for λ in order to obtain its stretched state, and can only later be inflated.
RESULTS, VALIDATION OF THE METHODOLOGY AND DISCUSSION
In this section, the developed methodology of determining the arterial response based on the in vivo measured arterial data and taking the residual stresses into account is applied in the analysis of the given case study (Fig. 1) . In the analysis, regardless of whether the computation applies to the real or the fictitious model, the computations that relate to the circular models are performed using the finite difference method while the FEM is used, because of the complexity of respective model geometries, for the computations related to the arterial models. First, after giving a brief description of the numerical model in Section 4.1, the results for the circular arterial and fictitious segments are presented in Section 4.2. The results regarding the arterial response are presented in Sections 4.3.1 and 4.3.2 for the AM stretched and loaded state, respectively. Finally, at the end of the section, the methodology is validated based on the prediction of the AM zerostress state.
FEM Modelling
Taking into consideration that the geometry of the FAM loaded state Ψ 1λ AM configuration may be considered to be an approximation to the geometry of the AM stretched state Ω 1λ AM configuration, only one single FEM discretisation is needed for all of the computations regardless of whether the computation applies to the real or the fictitious model.
The FEM model is constructed based on the geometry of the FAM in its stress-free configuration Ψ 0 AM (Fig. 8) taking into account the data specified in Section 3.2.3. In principle, because the considered case study (Fig. 1) is symmetric with respect to two perpendicular planes (note that the cross section of the AM is elliptical), only one quarter of the model could be considered for computations. However, in order for the computation of the AM zero-stress state Ω 2 AM to also be performed (see Fig. 2) , half of the model is considered for the FEM discretisation with the x -z plane being the plane of symmetry. The FEM model is built of 17640 eight-node brick elements with displacement and temperature degrees of freedom. The conceived FEM model is used first for the computation of the FAM loaded state Ψ 1λ AM .
For this purpose, a linearly elastic, transversely isotropic behaviour of the material is assumed taking the data specified in Section 3.2.3 into account. The thermomechanical analysis is performed using the commercial FEM software Abaqus/Standard [27] under prescribed boundary and loading conditions. The front and rear surfaces of the model are fixed in the z direction whereas they are free to move in the x -y plane. On the same surfaces, the adiabatic thermal conditions are applied. Moreover, proper mechanical and thermal conditions are applied on the symmetry surfaces (see Section 3.2.4). The stresses of the FAM loaded state Ψ 1λ AM represent an approximation of the residual stresses in the artery. The computational model of the AM stretched state Ω 1λ AM is thus specified by adopting the geometry of the Ψ 1λ AM configuration and related stresses as initial stresses, and, importantly, taking the given arterial material behaviour into account, Eq.
(1). Clearly, the stretches corresponding to the Ω 1λ AM configuration are readily computed considering the constitutive relations and the initial stresses. When the thus-defined computational model Ω 1λ AM is inflated with the intraluminal pressure P, the loaded state Ω 2 AM is computed. If, on the contrary, the constraints on the axial displacement are removed and the axial stretch λ is released, the unloaded state Ω 1 AM can be computed. Finally, by further releasing the constraints on one of the AM symmetry surfaces, the approximation of the zero-stress state Ω 0 AM can be attained.
Arterial and Fictitious Circular Segment
The stretched states of the circular arterial segments (m) Ω 1λ C(m) and (M) Ω 1λ C(M) are presented in Fig. 9 .
Both states are computed as presented in Section 2.1 based on the identified data of their zero-stress states ( Table 1 ). As seen in Fig. 9 , the stresses predicted for both segments are in the same order of magnitude. The circumferential stresses are somewhat bigger for the segment (m) whereas the axial stresses are higher in the segment (M). The same graphs also represent the stresses predicted for the corresponding fictitious segments Ψ 1λ C(m) and Ψ 1λ C(M) as well as for the fictitious circular segments (m) and (M), respectively. Despite a minimal deviation between the axial stresses (see Fig. 9 ), an excellent agreement of the stress distributions and geometries between the circular arterial segments ( Ω 1λ C ) and the fictitious circular segments ( Ψ 1λ C ) is obtained. The results presented demonstrate that the thermomechanical state, obtained by thermally loading a fixed, closed (fictitious) tube, is equivalent to the stretched state that is obtained by bending and stretching an open arterial section. As discussed, the fictitious circular segments have essentially been defined in order to characterise the thermomechanical procedure and to apply the determined parameters of fictitious segments to the AM. So far, we have demonstrated that the stretched state of the arterial segments (m) and (M) can be obtained with the fictitious segments (m) and (M), respectively. In the next subsection, we shall assess the used linear interpolation that was applied to interpolate the properties of the fictitious segments with the purpose of defining the FAM (see Section 3.2.2).
The Adequacy of the Considered Interpolation
The variables Table 1 . The computed stresses of the arterial segment ( Ω 1λ C(m)  ) and the fictitious segment ( Ψ 1λ C(m)  ) are presented in Fig. 10 . Despite a slight discrepancy between the axial stresses (Fig. 10) , the agreement between the obtained arterial and fictitious state of the segment (  m) is excellent. Based on these results, it is possible to conclude that the first-order interpolation, which is used to interpolate the properties of the fictitious segments, is justified.
The Predicted Mechanical Response of AM

AM Stretched State
The circumferential stresses σ ϕϕ of the predicted AM stretched state (Ω 1λ AM ) are presented in Fig. 11a . The transmural variation of the σ ϕϕ shows the bending distribution (see the zoomed-in detail along the wall thickness), as was also observed for the circular arterial segments. In contrast to the straight circular arterial segment, the stresses in the AM vary along the AM length because of the varying AM cross-sectional area. The transmural distribution of the stresses at the AM positions (m) and (M) are shown in Fig. 11b (red and black curves). In the figure, the stresses are presented at the position of the AM cross-sectional x and y axis. Note that the stresses at position (m) are higher on the (m x ) axis compared to the values on the (m y ) axis. At position (M), on the other hand, the opposite is observed. This is interesting because the x axis represents the cross-sectional semi-minor axis at both position (m) as well as at position (M) (see Fig.  1 ). The reason for this can be probably attributed to the variable cross-sectional area of the AM. Next, let us compare the transmural distribution of the stresses at the AM locations (m) and (M) with the stresses predicted for the circular arterial segments Ω 1λ C(m) and Ω 1λ C(M) . The stress distribution in Fig. 11b that corresponds to the circular arterial segment is shown in blue. At position (m), the stresses predicted for the AM are somewhat higher in comparison to the stresses of Ω 1λ C(m) , whereas the opposite is true for the position (M). Such an error between the stresses predicted for the AM and for the circular arterial segments is a result of the AM variable cross-sectional area. The behaviour of the individual AM cross sections or segments is limited by the behaviour of the whole AM. Therefore, the individual AM segments cannot extend freely as is the case of the circular arterial segment. The error between the maximal circumferential stresses predicted for the circular arterial segments and those predicted for the AM is around 30%.
AM Loaded State
The predicted AM loaded state (Ω 2 AM ) is presented in Fig. 12a . The stresses, as seen in the figure, are somewhat higher in the areas where the arterial crosssectional area is larger. The maximal circumferential stress σ ϕϕ is 73 kPa, which appears on the outer surface of the AM wall at the AM location (M y ) (see the graphs in Fig. 12b ). The range of stresses σ ϕϕ , as well as their transmural distribution (Fig. 12b) , agree with the corresponding data from literature [24] and [28] . Similar to what has been observed in the previous subsection, the stresses predicted for the AM at the position (m) are somewhat higher in comparison to Ω 2 C(m) , whereas the opposite is true for the position (M). The reason for this lies in the AM variable cross section which prevents the individual cross sections of the AM to extend freely. The error between the stresses predicted for the circular arterial segments and for those of the AM can be as high as 15%. Given the size of the error, the suitability of using the circular arterial segments in order to determine the stress states of arteries, as is common in literature, is questionable.
Predictions of the AM Zero-Stress State
A way to partially verify the adequacy of the presented method is to simulate the opening angle experiment. If the stresses predicted for the arterial opened-up configuration are almost null, the method can be considered adequate. The same approach, for instance, can be seen in [2] . The zero-stress state of the AM (Ω 0 AM ) is predicted based on the AM stretched state ( Ω 1λ AM ) in two steps. First, the axial constraint that is applied to the Ω 1λ AM state is released. The AM thereby contracts axially and occupies its unloaded state Ω 1 AM . In addition, the AM zero-stress state is obtained with a longitudinal cut which is performed in a numerical analysis by releasing the constraint on one of the AM symmetry surfaces (located on the x -z plane, see Fig. 13a ). The predicted equilibrium state of the AM opened-up configuration, obtained with a single longitudinal cut is designated as Ω 0 AM #1 and is presented in Fig. 13a . The maximal von Mises equivalent stresses in Ω 0 AM #1 are around 1.2 kPa (Fig. 13a) . These stresses occur locally in the areas where the AM cross-sectional area is larger. As seen in Fig. 13a , the predicted AM Ω 0 AM #1 state is not stressfree. The reason for this is that the AM variable crosssectional area limits the AM's ability to extend freely, and consequently, it prevents the AM from occupying its zero-stress configuration. In order to obtain a better estimation of the AM zero-stress state, the predicted AM Ω 0 AM #1 state would have to be cut into smaller segments. This procedure is presented next. The predicted AM zero-stress state Ω 0 AM #2 , which is obtained by cutting the Ω 0 AM #1 state into 10 separate sections, is presented in Fig. 13b . As seen in the figure, the maximal stresses obtained for the individually cut segments ( Ω 0 AM #2 state) are less than 1 kPa. These stresses occur in the second, third, and fourth segments (from both ends) whereas the maximal stresses range up to 0.8 kPa in the remaining ones (the first and the fifth segment from both ends). For these segments, the stresses are lower by approximately 30% compared to the AM Ω 0
AM #1
state. Higher stresses that appear in the second, third, and fourth segments are the result of the shape of the segments, which is, if compared to the first segment, somewhat curved in the z direction. Based on the results presented, however, and given that the stresses of the AM Ω 0 AM #2 state are relatively low, it is possible to conclude that the use of the thermomechanical analogy in order to enforce the residual (bending and stretching) stresses into arterial model is justified.
CONCLUSION
In this paper, a method is presented which determines the arterial mechanical response without knowing the arterial opened-up zero-stress configuration. The arterial configuration on which the method is based is the arterial loaded configuration. We approach the problem of predicting the arterial residual (bending and stretching) stresses by considering a thermomechanical analogy. These stresses are determined by thermally loading a clamped, closed tube (called a fictitious model). The initial geometry of the fictitious model is constructed based on the luminal surface of the observed artery. The consequence of the applied thermal loading is that the fictitious model shrinks and the thermal (residual) stresses occur. In this paper, we have demonstrated that the loaded state of the fictitious model (i.e., its geometry and its stress state) is equivalent to the stretched state of the arterial model (see Section 4.1). However, in order for the presented analogical procedure to be adequate, the parameters of the fictitious model need to be properly defined.
The adequacy of the method has been verified by computing the zero-stress state of the arterial model. As presented in Fig. 13 , the equilibrium configurations of the segments that are obtained following a longitudinal and transversal cut of the arterial model have the form of an opened-up tube. Furthermore, the residual stresses remaining in the segments are fairly mild compared to the stresses of the arterial stretched state. The results obtained show that the residual stresses predicted for the arterial stretched state with the thermomechanical analogy exhibit what is known as the bending distribution. This has proved the method to be adequate.
An interesting aspect that aroused in the analysis of the results is suitability of using the straight circular arterial segment for the characterisation of the arteries. This is a common approach in the literature [19] , [28] and [29] . The segment is considered straight and stand-alone, meaning that the effect of the remaining artery in the segment's axial direction is not taken into account. Based on our results (see Section 4.2.2), the error between the stresses that are predicted for a straight circular arterial segment, and the stresses predicted for the arterial model, can be as high as 15%. Additionally, the gradient of transmural distribution of the stresses for both cases differs (see Fig. 12 ). Nevertheless, it has to be said that a realistic artery does not exhibit such a variable cross-sectional area as was considered in this article. In a realistic artery, in fact, the influence of neglecting the effect of the remaining artery is smaller when observing one straight circular segment as a separate unit.
The results of the methodology presented in the paper show a distinction between the mechanical state predicted for a circular segment that is observed as a separate unit and the mechanical state that is predicted when the arterial variable cross-sectional area is taken into account. This topic therefore warrants further research, and presents one of the goals of our further work. Moreover, some of the arterial properties that have been neglected in this work, such as their multilayered structure or associated longitudinal residual stress, are planned to be implemented further in the methodology.
As for the clinical applicability of the presented methodology, the methodology could -supported by the medical imaging techniques -serve as a useful tool for predicting the patient-specific arterial mechanical response.
